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Model problem

Let Ω ⊂ Rd, d ∈ {1, 2, 3} be a bounded open set, f ∈ L2(L2),
u′′ −∆u = f in (0, T ]× Ω

u = 0 on (0, T ]× ∂Ω

u(0) = u0 ∈ H1
0 (Ω), u′(0) = u1 ∈ L2(Ω).

Given X := H2(H−1) ∩ L2(H1
0 ) ∩H1(L2), Y := L2(H1

0 ), we consider
the weak formulation: Find u ∈ X such that for all v ∈ Y ,∫ T

0

[⟨u′′, v⟩+ (∇u,∇v)] =

∫ T

0

(f, v),

with u(0) = u0 and u′(0) = u1.
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Typical example: ripples

Ripples on a pond,
from Rapideye, fineartamerica

ripples

Question: How to efficiently capture local feature?
Our strategy: A posteriori analysis & space-time adaptive scheme
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A posteriori analysis – literature review

Explicit time stepping schemes
• very efficient, suitable for parallel computing.
• CFL condition τ ≤ Chmin is needed.

See: Georgoulis, Lakkis, Makridakis, & Virtanen (SINUM ’16), Chaumont-Frelet
(SISC ’23), Chaumont-Frelet & A. Ern (M2AN ’25), Grote & Lakkis & Santos (’24,
’25), Hugot, Imperiale, Vohraĺık (’26)...

Implicit time stepping schemes
• no CFL condition, ideal for space-time adaptive methods.
• expensive to solve the linear system.

See: Johnson (CMAME ’93), Bernardi & Süli (M3AS ’05), Bangerth & Rannacher
(JCA. 01), Bangerth & Geiger & Rannacher (CMAM. 10), Georgoulis, Lakkis, &
Makridakis (IMAJNA ’13), Gorynina & Lozinski & Picasso (IMAJNA ’19),...
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Numerical scheme: Discrete setting

Space time FEM space
We seek U from

Vp,q = {W ∈ Pq(J ;H
1
0 (Ω)) : WIn ∈ Pqn(In;V

n
h )},

with n ∈ {1, ..., N} and V n
h is the H1-conforming FEM space

V n
h = {v ∈ H1

0 (Ω) : v|K ∈ Pp(K) ∀K ∈ T n
h }.
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Numerical scheme

Find U ∈ Vp,q such that for all n ∈ {1, ..., N}, W ∈ Pqn−1(In;V
n
h ),{∫

In
{(U ′′,W ) + (∇U,∇W )}+ ([U ′]n−1,W (t+n−1)) =

∫
In
(f,W )

U(t+n−1) = Pn
p U(t−n−1)

with Pn
p : V n−1

h → V n
h the elliptic projector and the jump operator

[V ]n−1 = V (t+n−1)− V (t−n−1). (cf. Walkington (SINUM. ’14) )

• space-time FEM allows a posteriori analysis in time.
• Pn

p minimizes theoretical/practical mesh-change error.
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Adaptive scheme

Main idea: at each time step n,
1. find Un

2. compute time estimator ηntime, refine/coarsen In;
3. compute space estimator ηnspace and mesh-change estimator

ηnmesh, refine/coarsen T n
h ;

4. repeat above steps until given tolerance is satisfied;
5. go to next time step.
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Main result: L∞(L2)-a posteriori error bound

We have the following error bound with traceable constant C(p, q):

∥u− U∥L∞(L2) ≤ C(p, q)(ηinit + ηf + ηtime + ηspace + ηmesh).

Denoting ∆−
h = ∆−∆h, the estimators are given by

ηinit = ∥u0 − u0,h∥+ ∥u1 − u1,h∥+ ∥h2
0∆

−
h u1,h∥+ J (u1,h,F1

I )

ηtime =
∑
n

τ3
n(∥[∆hU

′]n−1∥+ ∥Π⊥
q−1∆hU∥L1(In;L2)) + max

n
τn∥[U ′]n−1∥

ηspace =
∑
n

∫
In

{∥h2
n∆

−
h U

′∥+ J (U ′,Fn
I )}+max

n
...+ ...

ηmesh =
∑
n

+τnτ̃n∥[∆hU ]n−1∥+
∑
n

{∥[U ]n−1∥+ τ−1
n ∥h2

nΠ
⊥
p U

′(t−n−1)∥}

+max
n

...+ ...
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Proof: error equation

Error splitting

u− U = (u− Ū) + (Ū − U) = ρ1 + ρ2,

with Ū ∈ C1(J̄ ;H1
0 (Ω) ∩H2(Ω)) the space-time reconstruction of

U , be defined later.
• ρ1 is controlled by PDE stability.
• ρ2 is controlled by approximation properties.
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Proof: time reconstruction

Makridakis-Nochetto time reconstruction
The time reconstruction V̂ ∈ Pqn+1(In;L

2(Ω)) of
V ∈ Pqn(In;L

2(Ω)) satisfies, for all W |In ∈ Pqn−1(In;L
2(Ω)),{∫

In
(V̂ ′′,W ) =

∫
In
(V ′′,W ) + ([V ′]n−1,W (t+n−1))

V̂ (t+n−1) = V (t+n−1) V̂ ′(t+n−1) = V ′(t−n−1)
.

See: Makridakis & Nochetto (Numer.Math. ’06), Schötzau & Wihler (Numer.Math.
’10), Holm & Wihler (Numer.Math. ’17) and Dong & Mascotto & Wang (Accepted in
Numer.Math. ’26)
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Proof: time reconstruction

• we can reformulate the scheme as∫
In

{(Û ′′,W ) + (∇U,∇W )} =

∫
In

(f,W ).

• We have computable bounds with traceable constant C(qn)

τ−3
n ∥V − V̂ ∥2L2(In;L2) + τ−1

n ∥V ′ − V̂ ′∥2L2(In;L2)

+ τn∥V ′′ − V̂ ′′∥2L2(In;L2) + ∥V ′ − V̂ ′∥2L∞(In;L2) ≤ C(qn)∥[V ′]n−1∥.

• V̂ ′ ∈ C0(J̄ ;L2(Ω)), but V̂ ̸∈C0(J̄ ;L2(Ω)) with mesh
coarsening.
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Proof: time reconstruction

we consider the cubic Hermite polynomials {ϕn
i }4i=1 with

ϕn
1 (tn−1) = ϕn

2 (tn) = (ϕn
3 )

′(tn−1) = (ϕn
4 )

′(tn) = 1. Picking any
basis {ϕ̂n

i }
qn−2
i=1 spanning Pqn−3(In;R), we define the C1 bubble

functions

ϕn
i =

(
(t− tn−1)(tn − t)

)2
ϕ̂n
i−4 ∀i = 5, . . . qn + 2.

The set {ϕn
i }

qn+2
i=1 forms a basis of Pqn+1(In;R).

Hermite-type reconstruction

For V |In = V (t+n−1)ϕ
n
1 + V (t−n )ϕ

n
2 +

∑qn+2
i=3 Viϕ

n
i , we define the

Hermite-type time reconstruction by

Ic(V )|In =
V (t−n−1) + V (t+n−1)

2
ϕn
1 +

V (t−n ) + V (t+n )

2
ϕn
2 +

qn+2∑
i=3

Viϕ
n
i
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Proof: time reconstruction

• we can reformulate the scheme as∫
In

{(Ic(Û)′′,W ) + (∇U,∇W )} =

∫
In

(f + Ic(Û)′′ − Û ′′,W ).

• Ic(Û) ∈ C1(J̄ ;H1
0 (Ω)).

• We have computable bounds with traceable constant C

∥V ′ − Ic(V )′∥L1(In;L2) + τ−1
n ∥V − Ic(V )∥L1(In;L2)

+ ∥V − Ic(V )∥L∞(In;L2) ≤ C(∥[V ]n−1∥+ ∥[V ]n∥).

• See Dong & Georgoulis & Mascotto & Wang (Accepted in Numer.Math. ’26).

14 –



Proof: elliptic reconstruction

Elliptic reconstruction
we define its elliptic reconstruction Ũ of U , with
Ũ |In ∈ Pqn(In;H

1
0 (Ω) ∩H2(Ω)), by

(∇Ũ ,∇w) = (g, w) ∀w ∈ H1
0 (Ω),

where g = −∆hU − (Πp,q−1 −Πq−1)f +Π⊥
p Û

′′.

See: Makridakis & Nochetto (SINUM ’03), Lakkis & Makridakis (Math.Comp. ’06),
Georgoulis, Lakkis, & Makridakis (IMAJNA ’13), Georgoulis, Lakkis, Makridakis, &
Virtanen (SINUM ’16), Georgoulis, Lakkis & Wihler (Numer.Math. ’21), Georgoulis,
& Makridakis (IMAJNA ’23)...
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Proof: elliptic reconstruction

• Recall Ū = Ic( ˆ̃U) ∈ C1(J̄ ;H1
0 (Ω) ∩H2(Ω)) , we can

reformulate the scheme as∫
In

{Ū ′′,W + (∇Ū ,∇W )} =

∫
In

(nice terms,W ).

• We have computable bound for all t ∈ In, k ∈ N,

∥∂k
t (Ũ(t)−U(t))∥ ≤ E(∂k

t U(t), ∂k
t g(t);L

2(Ω)) ≤ terms in estimators.
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Proof: L∞(L2)-error

Baker’s argument
Inspired by Baker (SINUM ’78), we set
v ∈ C0(J̄ ;H1

0 (Ω)) ∩ C1(J̄ ;L2(Ω)) by

v(t) =

∫ ξ

t
(u− Ū)(s)ds,

with ξ ∈ J̄ the point where ∥u(t)− Ū(t)∥ attains its maximum.

• Error equation can be reformulated as

ρ′′1 −∆ρ1 = Πq−1f + (Ū − Û)′′ +∆(Ũ − Ū)−Π⊥
q−1∆hU.

• Testing with Baker’s test function v, estimating terms in RHS
complete the proof.
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Numerical test: accuracy

For a smooth test, we have optimal convergence order with
uniform refinement:
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Numerical test: water drop
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Numerical test: water drop

ripples
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