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Model problem

Let Q C RY, d € {1,2,3} be a bounded open set, f € L*(L?),

' —Au=f in (0,7] x Q
u=0 on (0,T] x 02
u(0) = ug € HY(Q), «'(0) =wu; € L*(Q).



Model problem

Let Q C RY, d € {1,2,3} be a bounded open set, f € L*(L?),

' —Au=f in (0,7] x Q
u=0 on (0,T] x 02
u(0) = ug € HY(Q), «'(0) =wu; € L*(Q).

Given X := HX(H YN L2(H) N HY(L?), Y := L?(H}), we consider
the weak formulation: Find © € X such that for allv €Y,

/ o) + (Y, v0)] = / "),

with ©(0) = ug and v/ (0) = u;.



Typical example: ripples

Ripples on a pond,
from Rapideye, fineartamerica


https://drive.google.com/file/d/16xmSHIlrOoUsxGxIzIVzOF6OotK2TFiq/view?usp=drive_linkg

Typical example: ripples

Ripples on a pond,
from Rapideye, fineartamerica

Question: How to efficiently capture local feature?


https://drive.google.com/file/d/16xmSHIlrOoUsxGxIzIVzOF6OotK2TFiq/view?usp=drive_linkg

Typical example: ripples

Ripples on a pond,
from Rapideye, fineartamerica

Question: How to efficiently capture local feature?
Our strategy: A posteriori analysis & space-time adaptive scheme
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https://drive.google.com/file/d/16xmSHIlrOoUsxGxIzIVzOF6OotK2TFiq/view?usp=drive_linkg

A posteriori analysis — literature review

Explicit time stepping schemes
o very efficient, suitable for parallel computing.
e CFL condition 7 < Chy,iy, is needed.

See: Georgoulis, Lakkis, Makridakis, & Virtanen (SINUM '16), Chaumont-Frelet
(SISC '23), Chaumont-Frelet & A. Ern (M2AN '25), Grote & Lakkis & Santos (24,
'25), Hugot, Imperiale, Vohralik ('26)...
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e CFL condition 7 < Chy,iy, is needed.
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Implicit time stepping schemes
e no CFL condition, ideal for space-time adaptive methods.
e expensive to solve the linear system.

See: Johnson (CMAME '93), Bernardi & Siili (M3AS '05), Bangerth & Rannacher
(JCA. 01), Bangerth & Geiger & Rannacher (CMAM. 10), Georgoulis, Lakkis, &
Makridakis (IMAJNA '13), Gorynina & Lozinski & Picasso (IMAJNA '19),...
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Numerical scheme: Discrete setting

Space time FEM space
We seek U from

Vog = {W € Pq(J; Hy () = Wr, € Py, (In; Vi),
with n € {1,..., N} and V;" is the H'-conforming FEM space

Vit ={v e H}(N) : v|g € Py(K) VK € T}




Numerical scheme

Find U € V), ¢ such that for all n € {1,..., N}, W € P, _1(I,; V}*),

{ff {(U", W) + (YU, YW)} + ([0 ae1, W(EE ) = [; (W
Ut ) = PSU(t;_l)

with P : V,f*l — V)" the elliptic projector and the jump operator
V]p—1 =Vt ) = V(t; ;). (cf. Walkington (SINUM. '14) )



Numerical scheme

Find U € V), ¢ such that for all n € {1,..., N}, W € P, _1(I,; V}*),

{ff {(U", W) + (YU, YW)} + ([0 ae1, W(EE ) = [; (W
Ut ) = PSU(t;_l)

with P : V,f*l — V)" the elliptic projector and the jump operator
V]p—1 =Vt ) = V(t; ;). (cf. Walkington (SINUM. '14) )
e space-time FEM allows a posteriori analysis in time.

e P, minimizes theoretical/practical mesh-change error.




Adaptive scheme

Main idea: at each time step n,
1. find U™
2. compute time estimator 7., refine/coarsen I,;

3. compute space estimator 7g,,.. and mesh-change estimator
ne s refine/coarsen 7,7

4. repeat above steps until given tolerance is satisfied;

5. go to next time step.



Main result: L°°(L?)-a posteriori error bound

We have the following error bound with traceable constant C(p, q):
Hu - UHLOO(L2) < C(p7 Q)(ninit + Nf + Mtime + Nspace + nmesh)-

Denoting A;” = A — Ay, the estimators are given by

Ninit = |Juo — uonl| + Jur — winl| + |RGA, w1 n || + T (ui,n, Fi)
Ntime = ZTS(H[AhU/]n—lH + HHéAAhUHLl(In;LZ)) + mSXTnH[U/}n—lH

n

nspace:Z/ {HhiA;U/H+j(U/,f}1)}+max+
n In "
Tmesh = Y ATaTall[AnUln-all + D {01l + 7 WAL U (8711}

+ max... + ...



Proof: error equation

Error splitting
u—U=u-0U)+U-U)=p+pa,

with U € CY(J; HY(Q2) N H%(2)) the space-time reconstruction of
U, be defined later.
e p; is controlled by PDE stability.

e po is controlled by approximation properties.
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Proof: time reconstruction

Makridakis-Nochetto time reconstruction

The time reconstruction V € Py, +1(I,; L*()) of
V € Py, (I; L2(Q)) satisfies, for all W|;, € Py, —1(Ly; L*(2)),

{fgﬁ", W) = [, (V" W) + (V] W (L))
Vi) =VE) V) =V, )

See: Makridakis & Nochetto (Numer.Math. '06), Schétzau & Wihler (Numer.Math.
'10), Holm & Wihler (Numer.Math. '17) and
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Proof: time reconstruction

e we can reformulate the scheme as

i {(U", W)+ (VU,YW)} = W),
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Proof: time reconstruction

e we can reformulate the scheme as

i {(U", W)+ (VU,YW)} = W),

e We have computable bounds with traceable constant C(gy,)

oV - V||2L2(In;L2) +r IV - V/||2L2(1n,;L2)
+ Tul |V — VH”i?(In;L?) +V' - VlHiac(Im]ﬂ) < Cgn) IV Tl
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Proof: time reconstruction

e we can reformulate the scheme as

i {(U", W)+ (VU,YW)} = W),

e We have computable bounds with traceable constant C(gy,)

oV - V||2L2(In;L2) +r IV - V/||2L2(1n,;L2)
+ Tul |V — VH”i?(In;L?) +V' - VlHiac(Im]ﬂ) < Cgn) IV Tl

o V' € COJ; L2(9)), but VZCO(J; L2()) with mesh
coarsening.
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Proof: time reconstruction

we consider the cubic Hermite polynomials {¢?}}_; with

1 (tn—1) = ¢4 (tn) = (5)'(tn—1) = (¢])'(tn) = 1. Picking any
basis {¢1}%“ spanning Py, _5(I,;R), we define the C! bubble
functions

A (U ) Vi=5,...qnt2.

The set {¢P}7" T2 forms a basis of Py, 1 (In; R).

Hermite-type reconstruction

For V|, = V(£ )ét + V(t,,) 3 an+2 . we define the
Hermite-type time reconstruction by

_ Gn+2
VEEVED by Ky

=3

V(ty_1) + V(ty_1)

V), = .

13 -

¢1+



Proof: time reconstruction

e we can reformulate the scheme as

{( ()", W)+ (VU,VW)} = f (f +Z(0)" = U",W).

. L(U) € C(J; Hy(9)).

e We have computable bounds with traceable constant C

V' = ZeV) lpa a2y + 7o IV = ZeV) 2 r,.22)
IV =Ze(V)ll oo (1,02 < CUNV ]n—1ll + I[V]nll)-

e See
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Proof: elliptic reconstruction

Elliptic reconstruction

we define its elliptic reconstruction U of U, with
Ulr, € P, (In; Hy () N H*(2)), by

(VU,Vw) = (g,w) Vw € Hy(%),
where g = ~ARU — (I g1 — g1)f + ILEU".

See: Makridakis & Nochetto (SINUM '03), Lakkis & Makridakis (Math.Comp. '06),
Georgoulis, Lakkis, & Makridakis (IMAJNA '13), Georgoulis, Lakkis, Makridakis, &
Virtanen (SINUM '16), Georgoulis, Lakkis & Wihler (Numer.Math. '21), Georgoulis,
& Makridakis (IMAJNA '23)...
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Proof: elliptic reconstruction

e Recall U :Ic((:]) € CL(J; HE(Q) N H%(Q)) , we can
reformulate the scheme as

/ {U" W + (VU,VW)} = [ (nice terms, W).
I, In

e We have computable bound for all t € I,,, k € N,

08U (t)~U )| < EOFU(t),0Fg(t); L*(Q)) < terms in estimators.
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Proof: L>°(L?)-error

Baker's argument

Inspired by Baker (SINUM '78), we set
v € CO(J; HA(2) NCL(J; LA(Q)) by

13
o) = [ (= 0)(s)as,

with &€ € J the point where ||u(t) — U(t)|| attains its maximum.
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Proof: L°°(L?)-error

Baker's argument

Inspired by Baker (SINUM '78), we set
v € CO(J; HA(2) NCL(J; LA(Q)) by

3 _
o) = [ (= 0)(s)as,

with &€ € J the point where ||u(t) — U(t)|| attains its maximum.

e Error equation can be reformulated as

Pl —Ap1 =g 1f + (U —-U)"+ AU - U) — g1 AU.

e Testing with Baker's test function v, estimating terms in RHS

. complete the proof.



Numerical test: accuracy

For a smooth test, we have optimal convergence order with
uniform refinement:

Smooth test case, p=2, q=2, structured mesh Smooth test case, p=2, g=2, structured mesh
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Numerical test: water drop

Figure 6: Visualization of dynamic mesh modification of the test case with exact solution with data as in
(6.2) computed with Algorithm 1; ¢ = 2; p equals 1 and 2 for top figures and bottom figures, respectively;
T equals 0, 0.1, 0.3 and 0.5 from left to right.
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Numerical test: water drop

time nodes

DoFs
DoFs of Ref. sol.

estimators & error
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https://drive.google.com/file/d/16xmSHIlrOoUsxGxIzIVzOF6OotK2TFiq/view?usp=drive_linkg

References

References

1. Z. Dong, E. H. Georgoulis, L. Mascotto, and Z. Wang,
A posteriori error analysis and adaptivity of a space—time finite element method
for the wave equation in second-order formulation,
accepted for publication in Numerische Mathematik, 2026; arXiv:2509.08537.

2. Z. Dong, L. Mascotto, and Z. Wang,

A priori and a posteriori error estimates of a C-in-time method for the wave

equation in second-order formulation,
accepted for publication in Numerische Mathematik, 2026; arXiv:2411.03264.

Thank you for your attention!
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