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PDE model

O +V - F(uF) = éR(uE), (@) € Qx (0,T], (1)
u®(-,0) = up. (2)

e Invariant-domain preserving:
uo(x) € [0,1] = u®(x,t) € [0,1]
o Entropy inequality: 9yn(u®) + V - q(u®) < 1o/ (u®) R(u?)

e (Assume)There exists a unique limit u% := lim._,q u®



Flux examples

e Linear transport: f(v) =v
o Burgers: f(v) = 102
e KPP: f(v) = (sin(v), cos(v))
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Reaction source examples
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Figure: R(v) = v(1 —v)(v — %)




PDE Examples

Disspative source (1 stable equilibrium point)

B+ V- flu) = %R(u), R(w) <0

Yee-LeVeque model (2 stable equilibrium points)

1 1
Ou + Oyu = gu(l —u)(u— 5)
Three stable equilibrium points
1 1 1 3
Ou+ V- flu) = —u(l —u)(u - 5)(u— 2)(w—7)



Fundamental solutions

[ |—initial cond.
—limit sol.
—initial cond.
| [—limit sol.
(a) shock-type initial condition (b) rarefaction-type initial condition

Figure: f(v) =202, T =1, R(v) = v(1 —v)(v —0.7)

Shock: %{;(0) =0.5 Rarefaction: f/(a) = 0.7
e H. Fan, S. Jin, and Z.-H. Teng (2000)



General case?

We will know one day :)
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Numerical study
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Desired properties

e Invariant-domain-preserving: u5(x,t) € [0, 1]

e Asymptotic-preserving:
lim, 0 limy, o uj, = u® = limj,_,0 lim._, uj,

e Entropy inequality:
(O (uf) +V - q(u) = 20(u) R(uz), ¥) < A(h) =0



Attempts in the literature

R. J. LeVeque and H. C. Yee (1990)

Classical ideas cannot correctly reproduce the correct shock
location, unless h = O(e).

W. Bao and S. Jin (2002)
e O(hlogh) convergence rate

e 1D, convex flux, shock-type initial condition

M. Svérd and S. Mishra (2011)

e Convergence is observed for both shock- and rarefaction-type
initial conditions

e 1D, convex flux, no interaction between rarefaction and shock.
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Invariant-domain-preserving: operator splitting

ne transport ntle reaction n+le
L Y —

wntl_wr
e Transport (——F%;—-+ V- f(w}) = 0):
Stabilized FEM, upwind, Lax-Friedrichs, Godunov, ...

o Reaction (uf ! = v(At) : dw = LR(v), v(0) = wZH,s):
div = Lo(1 = 0) R(w; ™), R(w) = 55, 0(0) = wp ™

o u(z) € [0,1] = w; o (x) € [0,1] = u} T (x) € [0,1]
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Asymptotic-preserving: motivation

Theorem (Entropy-inequality)

Assume that 1 € W™, we have

(i) + V - a(uf) — n(ufY R(wi), ) <

h h? +¢h
(S hilp@y + = IVuslnw)

e Fix &, manipulate h X

e Fix h, manipulatee v
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Taming the reaction

R(v), ®.j :=max(e, h?)

Theorem (Entropy-inequality)

Assume that 1 € W™, and § < & we have

1

(i) RO, 9) <
e,h

O (R uf sz + (B2 + B=0) [V L1 o)

(Oim(u) +V - q(uf) —
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Test, 6 = 0.4 (non-convex)
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Figure: f(v) = 5= sin(2mv), R(v) = v(1 —v)(v = 0.7), e = 1078

16 -



17 -

Test, 0 = 0.4 (2D)



Optimal parameters

Figure: R(v) = v(1 —v)(v —0.7), e = 1073

minimizing error = lower envelope =

0~a+blogh)™ = &5 :=max(e,vh’), O~a, y=e
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That’s all

Thank you :)
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