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Transport equations

Linear transport equations

Ω · ∇xΨ+ σΨ = q,

Neutron transport equations
(
3(x) + 2(Ω)

)
d

Ω · ∇xΨ+ σtΨ =
σs

4π

∫
S2

Ψ+ q

Highly-contrasted coefficients
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Common challenges

• Physically meaningful numerical solution:
bound-preserving, mass-conservative, ...

• Well-captured shocks and singularities:
correct wave speed, as small as possible oscillation, ...
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Example
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PDE model

Find Ψ : D × S2 → R+ s.t.

Ω · ∇xΨ+ σtΨ =
σs

4π

∫
S2

Ψ+ q

with non-negative inflow BC,
total and scattering cross sections σt ≥ σs ≥ 0 (can vary on D),
absorption section σa = σt − σs ≥ 0.

• Key properties:
> Positivity-preserving: Ψ(x,Ω) ≥ 0
> |σs| → ∞ ⇒ diffusion limit Ψ0
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Short literature review

• SN for angular discretization

• Main challenge: find a method with
➤ positivity-preserving ➤ AP ➤ high-order
➤ oscillation-free ➤ conservative ➤ fast post-processing

Ψ ≥ 0 AP high-order no osc. conserv. fast
post-proc.

dG(0)
+ modif. ✓ ✓ ✗ ✓ ✓ -

dG(p) ✗ ✓ ✓ ✗ ✓ -
dG(p)

+ optim. ✓ ✓ ✓ ✓ ✓ ✗

cG ✗ ✓ ✓ ✗ ✓ -
cG + h∆Ψ
+ rescaling ✓ ✓ ✗ ✓ ✗ -

References: [Chandrasekhar, 50], [Larsen, Morel, Miller, 87],
[Gosse, Toscani, 02], [Guermond, Kanschat, 10],
[Buet, Després, Frank, 12], [Guermond, Popov, Ragusa, 20],
[Yee, Olivier, Haut, Holec, Tomov, Maginot, 20]
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Our main contribution

Novel limiting process

➤ positivity-preserving ➤ AP ➤ high-order
➤ oscillation-free ➤ conservative ➤ fast (linear complexity)

A two-step post-process:
1. Local limiting: temper oscillation

> loop on all dofs:
> apply local limiter based on mass redistribution

2. Global limiting: impose global a priori bounds
> apply global limiter based on cut-off technique
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Prototype: linear transport equation

Ω · ∇xu+ σu = q in D ⊂ Rd

with suitable BC, fixed Ω ∈ Rd, d = 1, 2, 3, σ, q ≥ 0

Solution method:
• stabilized high-order numerical method (e.g., edge

stabilization/CIP [Burman, Hansbo, 04]) ⇒ {ui}i∈V ;
• local limiting to temper small oscillation (repeat a few times):

> estimate local bounds ⇒ {(umax
i , umin

i )}i∈V
> apply local limiter ⇒ {ũi}i∈V

• Global limiting to guarantee positivity ⇒ {u+i }i∈V
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Local bound

Based on method of characteristics [Lathrop, 69];
σ = const for simplicity{

Ω · ∇xu+ σu = q

u|∂D− = uup ⇔ u(x) = uupe
σ
|Ω| |x

up−x|
+

∫ x

xup

q

|Ω|
e

σ
|Ω| s ds

• Upwinding node iup defined using local dof stencil I(i)
• Maximizing/minimizing q ⇒ local bound
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Local limiting

Main steps (repeat a few times):
• loop on all dofs i ∈ V:

1. compute {umax
i , umin

i }
2. apply local limiter on each dof i ∈ V

⋆ ui > umax
i ⇒ decrease ui, increase {uj}j∈I(i)

⋆ ui < umin
i ⇒ increase ui, decrease {uj}j∈I(i)

• Locally mass conservative
• Converging in a few number of iterations on all dofs
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Global limiter

Main steps:

• set lower/upper bound to umin, umax;

• cut-off ⇒ {ūi}i∈V ;

• small modification on dofs based on
∑

i∈V miui ⇒ {u+i }i∈V .

Lemma (properties of global limiter)
umin ≤ u+i ≤ umax,

∑
i∈V miu

+
i =

∑
i∈V miui
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Numerical test: linear transport

• Ω = 1, D = (0, 1), u(0) = 0, q = O(1)
highly-contrasted σ between 1 and 103

• Simulation with h ≈ 2× 10−2, P2
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Numerical test: linear transport

• Ω = (1, 0), D = (0, 1)2, q = O(1)
highly-contrasted σ between 1 and 103
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Extension to neutron transport equation

Ω · ∇xΨ+ σtΨ =
σs

4π

∫
S2

Ψ+ q

Main steps:
1. Discretization:

> angular: discrete ordinate/SN :
quadrature {Ωk, µk}k∈K on unit sphere

> space: Galerkin + CIP (numerically AP)
> numerical solution: {Ψk,h}k∈K , dofs {Ψk,i}k∈K,i∈V

2. Source iteration (on n):
> Ωk · ∇xΨ

n+1
k,h + σtΨn+1

k,h = σs

4π

∑
l µlΨ

n
l,h + q := qn

> local bounds estimator ⇒ {(Ψmax
k,i ,Ψ

min
k,i )}k,i using qn

local limiting ⇒ {Ψ̃n+1
k,i }k,i

> global limiting with (Ψmin,Ψmax) = (0,+∞) ⇒ {Ψn+1,+
k,i }k,i
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Neutron transport, AP

• σt = σs = ε−1, q = 2επ2 sin(πx) sin(πy)/3, zero BC,
ψ0 = limε→0Ψ = sin(πx) sin(πy)

• P1, h≫ ε, Ψ̄h as average of Ψk,h over k
• convergence ∥Ψ̄h − ψ0∥ in L2- and H1-norms
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Neutron transport, reflection

• Ψ(x,Ω) =

{
1 if n(x) · Ω < 0 and Ω = Ω1

0 otherwise
• h ≈ 2.6× 10−3, maxx∈D σ

s ≈ 102, S6 (few angulars)

(a) geometry & parameters (b) P1, Ψ̄h
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Neutron transport, Hohlraum
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That’s all

Thank you for your attention
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