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Motivation: Cahn—Hilliard equation

A phase-field model for phase separation [Cahn & Hilliard, J. Chem. Phys.,
1958]:
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f(u) =log(1l + u) — log(1l — u) — 5u the potential derivative.
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A phase-field model for phase separation [Cahn & Hilliard, J. Chem. Phys.,
1958]:

du=V-(Mu)Vw), w=—Au+ f(u), f=F.
u the phase variable, M (u) = 1 — u? > 0 the mobility,
f(u) =log(1l + u) — log(1l — u) — 5u the potential derivative.

e Bound-preservation:
-1 <u(x,t) < 1.

e Mass-conservation:

e Energy dissipation:

d

aE(u) = —/DM(u)|Vw|2 <0, E(u)= %||Vu||2 —|—/DF(u).
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e Mass-conservation:
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A nonlinear diffusion equation with density-dependent diffusivity [Vazquez,
The Porous Medium Equation, Oxford University Press, 2007]:
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The Porous Medium Equation, Oxford University Press, 2007]:

du=A@W™)=mV - (" 'Vu), m > 1.
u a nonnegative density, the diffusion degenerates in the vacuum region.

e Bound-preservation:

u >0 = u(z,t)>0.

e Mass-conservation:

e Energy dissipation:

d /1
— <||u||2) = —m/ u™HVul? < 0.
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Bound-preservation a<U<b,
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Energy dissipation E(u}™) < B(u}).

Can a high-order method preserve some of them?
1. Stationary linear fourth-order elliptic problems
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e Discrete maximum principles
Low order, mesh restrictions.
Barrenechea, John & Knobloch, SIAM Rev., 2024.

e Variational inequalities

High-order bound-preservation. Mass-conservation is not automatic.
Barrenechea et al., IMA J. Numer. Anal., 2024.
Kirby & Shapero, Numer. Math., 2024.

e Bound-preservation + mass conservation

Enriched Galerkin methods, optimization, redistribution.
Barrenechea, Lederer & Rupp, 2025. Liu et al., SIAM J. Sci. Comput., 2024.
Guermond & Wang, J. Comput. Phys., 2025.
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Motivation: Parabolic problems

e Energy stability

Convex splitting, IEQ, SAV and Lagrange multiplier.
Elliott & Stuart, SINUM, 1993. Shen & Yang, DCDS, 2010.
Shen, Xu & Yang, SIAM Rev., 2019. Cheng, Liu & Shen, CMAME, 2020.

e Bound-preservation and mass-conservation

Lagrange multiplier and projection methods.
Cheng & Shen, CMAME, 2022. Cheng & Shen, SINUM, 2022.
Tong & Cai, SINUM, 2024

e Bound-preservation and energy stability
SAV and maximume-principle methods.
Huang & Shen, SISC, 2021. Cheng, Wang & Zhao, preprint, 2025.



Main contributions

Fourth-order elliptic problems

High-order finite elements with
bound-preservation and mass-conservation



Main contributions

Fourth-order elliptic problems

High-order finite elements with
bound-preservation and mass-conservation

Time-dependent problems
High-order BDF-FEM schemes with
bound-preservation and mass-conservation

SAV stabilization for improved energy behavior

Preprint:
https://arxiv.org/abs/2605.23486
https://hal.science/hal-05630475v1
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Fourth-order elliptic problem

Let D C R?, d € {1,2,3}. Find (u,w) such that

w=V-(MVuw)+ fi,
w= -V - (kVu)+ fo,

with homogeneous Neumann boundary conditions.

Assumptions

0< M <M< M, 0 <k <k < Ky,

1
2 _— = U.

u(z) € [a,b], /Du:/Dfl.



Variational inequality

Define
K:={veH(D):a<v<bael}.

Find (u,w) € K x H!(D) such that

(u,v) + (MVw,Vv) = (f1,v) Vv e HY(D),
(w,f—u)S(ﬁVu,V(ﬁ—u))—i—(fg,f—u) V£EK
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Variational inequality

Define
K:={veH(D):a<v<bael}.

Find (u,w) € K x H!(D) such that

(u,v) + (MVw,Vv) = (f1,v) Vv e HY(D),
(w,f—u)S(ﬁVu,V(ﬁ—u))—i—(fg,f—u) V£EK

The constraint u € [a, b] is built into .
The mass-conservation is built by taking v = 1.

See [Han ,2024, Ch. 3]; [Blank, Butz & Garcke, 2011].

10 -



Finite element discretization

Let {7 }r>0 be a shape-regular mesh of D, and
Vi = span{¢; }iev, V= {11}

VPt = {vh => Vigi € V!

Vi € [a,b], Vie V}.
%

Find (up,ws) € VP x VP such that

{(uh,vh) -+ (Mth, Vvh) = (fl,vh), Yoy, € fo,
(Why&n —un) < (KVun, V(E —un)) + (fo, & — un), V&, € VT

No acute-angle condition [Barrenechea, John & Knobloch, 2024]
Solver: PDAS (semismooth Newton) [Hintermiiller, Ito & Kunisch, 2002]

Related VI methods: [Blank, Butz & Garcke, 2011]; [Barrenechea, Georgoulis & Pryer,
2023]; [Kirby & Shapero, 2024]; [Dong, Ern & Wang, 2025].

11 -



Numerical motivation

Oscillation can be significantly alleviated
[Barrenechea, Georgoulis & Pryer, 2023]

(A) e=10"% k=1. (B) e=10"", k=1. (€)e=10"" k=2
FiG. 7. A cross section taken about the x = y plane of the finite element solution, coloured red presenting oscillations at the

boundary layer, and the approximation given by (5.3), coloured green with no oscillations at the boundary. Panels (A) and (B) are
computed using k = 1, while (C) depicts the approximations obtained using k& = 2.
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Fundamental properties

Define the admissible set

Y::{vhev}f”Jr:/Dvh:/Dfl}.
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Fundamental properties

Define the admissible set

Y = {U;LEV}f’JF:/vh:/ fl}.
D D

The component uy, is the unique minimizer of

1
min { HIVAVOI? + (fan) + ol |

Consequences
e existence and uniqueness of uy,
e bound-preservation,
® mass-conservation.

Here [|g?, o1 = (9, (A1)

13 -



Optimal H'-error estimate

Assume that D has a sufficiently smooth boundary and

u € C°(D; [a,b]) N WP>(D) N HPTY(D), w € HPY(D).
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Optimal H'-error estimate

Assume that D has a sufficiently smooth boundary and
u € C°(D;[a, b)) NWP>=(D)n HP*(D),  we HT(D).

For h < ho(u),
IV (u—up)|| < CHP.

Two ingredients:

1. Construct an optimal admissible candidate:

Myu ey, (IV(IIpu — )| < ChP.

2. Apply standard FEM consistency and stability arguments to the
H'-H~' representation of the scheme.

14 -



Smooth test on irregular meshes

Consider

u=V-((1+2z)Vw)+ fi,

D = (0,1)?,
w = —Au,

u(z,y) = cos(4nzx) cos(4my).

10°° 10°° 10*° 10°° 10 1040
J \ ) | #DoFs #DoFs
(a) Mesh with obtuse triangles. (b) Convergence test, L>-norm.  (c) Convergence test, H'-norm.
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Discontinuous data and small mobility

Consider
u=V-(MVw)+ fi,

D =(-2,2).
w=—Au-+ fo,
2 |z| <05 1 0<z<1 5 —-1<zx<0
M(z) = | file) = 7 fa(2) = 7
€ otherwise, 0 otherwise, 0 otherwise.
1.0 °
—e=le-1l o
0.8+ | —€=1e-3 o
—e=1e-5 1072
0.6 e=le-7 \ “ g . °
. v .
0.4 g 3 .
V] . °
0.2 o—e=le-1, rate=2.0%
. ) 1074} |-e-e=1e-3, rate=1.92 .
0.0F— S —e—¢=1e-5, rate=2.02 8
e—e=le-7, rate=1.95
-0.2 H
10%? 1004 1077 10*°
-2 -1 0 1 2 #DoFs
(a) Reference solutions. (b) Convergence rate in the L?-norm, p = 1.
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Application on
parabolic problems



Lubrication-type equations

Consider [Bertozzi & Pugh, 1996; Zhornitskaya & Bertozzi, 2000]
du=V-(M(u)Vw), inD x(0,T],
w = —Au, in D x (0,7,
Ont = Opw = 0, on 9D x (0,T],
u(+,0) = uo.

17 -



BDF + variational inequality scheme
For k € {1,...,5}, find

(uptt wpthy e VP x VP
such that

(ak%’“ — Aw(up)

T

,vh) + (M@ )Vt Vo) =0 Vo, € VP

(wpth & — up ™) < (Vup P V(G — upth) Vg, e vt

18 -



For k € {1,...,5}, find

(uptt wptty e VP x VP
such that

(awZ“ — Ag(up)

T

(wh ™ & —up ™) < (Vup ™, V(g —up ™)
Here (o, Ax) denotes BDFE, and

at Z(bl min{b, max{a, Bx(U;*)}},

%

where By, is the standard extrapolation operator.

Explicit mobility, implicit variational inequality.

18 -

BDF + variational inequality scheme

,vh) + (M@ YV, Vo) =0 Yo, € VP

Ve, e VT



Properties of the scheme

For every time step, a solution (u} ™, w}*!) exists, and u}'** is unique.
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and
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D D
In fact,
1
= angunin { |90+ s = )l o |
veyn+1
where

Y”H:{Ué‘/}f”+:/v/uﬁ}.
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Properties of the scheme

For every time step, a solution (u} ™, w}*!) exists, and u}'** is unique.

Moreover,
urtl € a,b]  Vie,

and
[ut= [ .
D D
In fact,
n 1
™t = anganin { IV + L lawo = A v |
veyntl
where
y = {UEVZ’+ /v/uh}
For BDF1,

1 1
SNVt < SvupP.

Energy stability is proved for BDF1 only.
19 -



Singular lubrication test

Consider [Cheng & Shen, 2022; Zhornitskaya & Bertozzi, 2000]

{8tu=V- (VuVw),

D= (-1,1),
w = —Au, ( )

with ug(z) = 0.8 — cos(wz) 4+ 0.25 cos(27mz).
The solution develops a temporal singularity near ¢, ~ 7.4 x 1074
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Singular lubrication test

Consider [Cheng & Shen, 2022; Zhornitskaya & Bertozzi, 2000]

8tu: V- (\/’EV’LU),

w = —Au,

D =(-1,1),

with ug(z) = 0.8 — cos(wz) 4+ 0.25 cos(27mz).
The solution develops a temporal singularity near ¢, ~ 7.4 x 1074

50 nodes, p=k=1.

! 6l 20
c =0.0007
g =
=] .
15

2 t0.02 c
2 t£0.1 >4t S
D10t o 2
© 3 © 10 T
o c b
= ] =
Qost ~ os
£
=] 1t
c

o0t - 0 . — 00

-10 EX) 00 05 10 0.000 0,025 0.050 0.075 0.100 00000 00025 00050 00075  0.010
b3 time time

(a) Numerical solution, 7 = 10™*. (b) Energy evolution for different 7. (c) Iteration number for different .

Stable through the singularity without mobility regularization.
20 -



Cahn—Hilliard equations

Consider [Cahn & Hilliard, 1958]

du=V-(M(u)Vw), inD x(0,T],
w = —Au+ f(u), in D x (0,7,
Ont = Opw = 0, on 9D x (0,T],

u(+,0) = uo,

21 -



SAV-BDF variational inequality

Introduce [Shen, Xu & Yang, 2019]
r(t) := V E1(u(t)).

For k € {1,...,5}, find (up ™, 7" wi ™) € VP+ x R x VP such that

(akuZ'H — Ag(up)

. ,m) + (M@ Vwpt, Vop) =0 Vo, € VP

(it & —up ™) < (Vup ™, V(& —up ™)

L)

+ | —=Lh L g, — uZJrl V¢ € V}f’Jr
By (a; )
—n+1
n n u n n
apr™™ — A (r") = Myakuh-‘—l — Ak (up)

Here u}f“ is the clipped extrapolation defined for the lubrication scheme.

Explicit nonlinear terms and one scalar auxiliary variable.
22 -



Properties of the scheme

For every time step, the scheme admits a solution, and uZ“ is unique.
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For every time step, the scheme admits a solution, and uZ“ is unique.
The pair (u !, 7"*1) is the unique minimizer of

. g 1
(v,s?él)r(ln-%—l {QHVU”Q + akSQ + gnakv - Ak(ug)ﬁ{hlﬂﬁl} .

Therefore,
urtt € a,b]  Vie,

n+1l __ n
/uh _/uh.
D D

and
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Properties of the scheme

For every time step, the scheme admits a solution, and uZ“ is unique.
The pair (u !, 7"*1) is the unique minimizer of

. g 1
(v,s?él)r(ln-%—l {QHVU”Q + akSQ + gnakv - Ak(ug)ﬁ{hlﬂﬁl} .

Therefore,
urtt € a,b]  Vie,
and
/uZH:/ up.
D D
For BDF1,

1
SIVuR 2 4 2 < SV + ().

N | —

Modified energy stability is proved for BDF1 only.

23 -



Logarithmic-potential test

Consider [Cheng & Shen, 2022]

du=V-((1—-u*)Vw),
t (=) D= (0,1,
w = —0.01Au + log(1 + u) — log(1 — u) — 5u,

with
uo(z,y) = 0.2+ 0.05rand(—1,1), T =15x10"".

The solution must remain in (—=1,1), M(u) =1 —u®> — 0 as u — +1.
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Logarithmic-potential test

Consider [Cheng & Shen, 2022]

du=V-((1-u*)Vuw),
w = —0.01Au + log(1 + u) — log(1 — u) — 5u,

D =(0,1)%,

with
uo(z,y) = 0.2+ 0.05rand(—1,1), T =15x10"".

The solution must remain in (—=1,1), M(u) =1 —u®> — 0 as u — +1.

Co =1, p=1, k=2, 50 x 50 nodes.

energy
max/min
iteration number

24 -



Second-order parabolic equations

Consider
du=V-(K(u)Vu), inD x(0,T],

Opu =0, on 0D x (0,7,
u(-,0) = uo.

25 -



Regularized BDF variational inequality

Introduce the fourth-order regularization

Ou =V - (K(u)Vu) + 2 Aw,
w = —/e Au.

The perturbation error is formally O(g).
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Regularized BDF variational inequality

Introduce the fourth-order regularization
Ou =V - (K(u)Vu) + 2 Aw,
w = —/e Au.

The perturbation error is formally O(g).

Set

_ hP+1

For k € {1,...,5}, find (up™?, "+1) € VP" x VP such that

n+1 n
(akuh Ak(uh),vh) I (K(7n+l)vun+1 Vvh)

-
+VhPH (Vw] T Vo) = 0, Yoy, € V)P,

(wh ™ & —up ™) S VIR (VT V(6 —up ), Ve € VT

26 -



Properties of the regularized scheme

Assume that the discrete problem admits a solution.
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Properties of the regularized scheme

Assume that the discrete problem admits a solution.
Then
urtl € [a,b]  Vie,

n+l _ n
/uh —/uh.
D D

and

27 -



Properties of the regularized scheme

Assume that the discrete problem admits a solution.
Then
urtl € [a,b]  Vie,

n+l _ n
/uh —/uh.
D D

Well-posedness is not covered by the current analysis.

and

Numerical experiments indicate stable solvability.
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Smooth nonlinear diffusion test

Consider
ou=V- ((1 + u)Vu) + f1, D = (0,27)?,

with u(z,y,t) = (cos(z) cos(y) — &a* + x3) cos(t), T = 1.

T 8

28 -



with u(z, y,

28 -

Consider

du=V-(1+u)Vu) + fi, D = (0,27)?,

h
27

*

*
*

Smooth nonlinear diffusion test

(cos(z) cos(y) — & + a3) cos(t), T = 1.

k=p+1, Onwp, = 0 although J,w # 0.

" *
5 Dy
c * N
o "
—+—p=1, L2, rate=1.99 *
| [+ P=2,12, rate=2.99 .
10 —+—p=3, L2, rate=3.99
+-p=4, L2, rate=4.97
104.0 1045
#DoFs

Optimal L?-rates for p=1,...,4.



Porous medium equation

Consider [Cheng & Shen, 2022; Vazquez, 2007]
du=mV - (" 'Vu), D=(-55), T=12

The Barenblatt solution is
1

1 —1 2 m—1 1
u(m,t):t—a{max(o,l—an;m ;—a)} , to=t+1, a:m+1.
0 0

The solution has compact support, moving interface, and v € H*(D) with
s=2,1/2+1/(m — 1) for m = 2 and m > 3, respectively.
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Porous medium equation

Consider [Cheng & Shen, 2022; Vazquez, 2007]
du=mV - (" 'Vu), D=(-55), T=12

The Barenblatt solution is
1

1 —1 2 m—1 1
U(I,t):tfa |:maX (07 l_a’n’;imtxzia)} ) t0:t+17 a:m.
0 0

The solution has compact support, moving interface, and v € H*(D) with
s=2,1/2+1/(m — 1) for m = 2 and m > 3, respectively.

p= 1’ k= 2, T = 1—0,
s°° * —
Sos R
2 0 8 o} - £ . : :
Sos} o - 2 .
= ——bound-preservin ] = - o
b~ P 9 \ — 3
@ 02 Lagrange multipiier +—bound-preserving : .
£ optimization +-Lagrange multiplier
S o1 variational inequality _y| |+ variational inequality| N .
< . sol 10
0.0 — 10°®
4.00 425 450 a75 5.00 10° 10° 10
X #DoFs #DoFs
(a) Numerical solution produced by (b) Convergence test for different (c) Convergence test for the pro-
different methods, m = 6. methods, m = 6. posed method.
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Main results

Linear fourth-order elliptic problems
high-order FEM  +  variational inequality

bound-preservation, mass-conservation, IV (u—up)|| < ChP.
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Main results

Linear fourth-order elliptic problems
high-order FEM  +  variational inequality
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Nonlinear fourth-order parabolic problems
BDF + variational inequality + SAV stabilization
bound-preservation, mass-conservation, energy stability for k£ = 1.
Nonlinear second-order parabolic problems
fourth-order regularization + BDF <+ variational inequality

bound-preservation and mass-conservation.
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