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Motivation: Cahn–Hilliard equation

A phase-field model for phase separation [Cahn & Hilliard, J. Chem. Phys.,
1958]:

∂tu = ∇ ·
(︁
M(u)∇w

)︁
, w = −∆u+ f(u), f = F ′.

u the phase variable, M(u) = 1− u2 ≥ 0 the mobility,
f(u) = log(1 + u)− log(1− u)− 5u the potential derivative.

• Bound-preservation:
−1 < u(x, t) < 1.

• Mass-conservation: ∫︂
D

u(t) =

∫︂
D

u0.

• Energy dissipation:
d

dt
E(u) = −

∫︂
D

M(u)|∇w|2 ≤ 0, E(u) =
1

2
∥∇u∥2 +

∫︂
D

F (u).
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Motivation: Lubrication-type equation

A fourth-order model for a thin liquid film [Bertozzi & Pugh, CPAM, 1996;
Zhornitskaya & Bertozzi, SINUM, 2000]:

∂tu = ∇ ·
(︁
uβ∇w

)︁
, w = −∆u, β > 0.

u the film thickness, M(u) = uβ , β > 0 a degenerate mobility.

• Bound-preservation:
u(x, t) ≥ 0.

• Mass-conservation: ∫︂
D

u(t) =

∫︂
D

u0.

• Energy dissipation:

d

dt

(︃
1

2
∥∇u∥2

)︃
= −

∫︂
D

uβ |∇w|2 ≤ 0.
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Motivation: Porous medium equation

A nonlinear diffusion equation with density-dependent diffusivity [Vázquez,
The Porous Medium Equation, Oxford University Press, 2007]:

∂tu = ∆(um) = m∇ ·
(︁
um−1∇u

)︁
, m > 1.

u a nonnegative density, the diffusion degenerates in the vacuum region.

• Bound-preservation:

u0 ≥ 0 =⇒ u(x, t) ≥ 0.

• Mass-conservation: ∫︂
D

u(t) =

∫︂
D

u0.

• Energy dissipation:
d

dt

(︃
1

2
∥u∥2

)︃
= −m

∫︂
D

um−1|∇u|2 ≤ 0.
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Motivation: Discrete structures

Bound-preservation a ≤ Un
i ≤ b,

Mass-conservation
∫︂
D

un
h =

∫︂
D

u0
h,

Energy dissipation E(un+1
h ) ≤ E(un

h).

Can a high-order method preserve some of them?
1. Stationary linear fourth-order elliptic problems

2. Nonlinear parabolic problems
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Motivation: Elliptic problems

• Discrete maximum principles
Low order, mesh restrictions.
Barrenechea, John & Knobloch, SIAM Rev., 2024.

• Variational inequalities
High-order bound-preservation. Mass-conservation is not automatic.
Barrenechea et al., IMA J. Numer. Anal., 2024.
Kirby & Shapero, Numer. Math., 2024.

• Bound-preservation + mass conservation
Enriched Galerkin methods, optimization, redistribution.
Barrenechea, Lederer & Rupp, 2025. Liu et al., SIAM J. Sci. Comput., 2024.
Guermond & Wang, J. Comput. Phys., 2025.
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Motivation: Parabolic problems

• Energy stability
Convex splitting, IEQ, SAV and Lagrange multiplier.
Elliott & Stuart, SINUM, 1993. Shen & Yang, DCDS, 2010.
Shen, Xu & Yang, SIAM Rev., 2019. Cheng, Liu & Shen, CMAME, 2020.

• Bound-preservation and mass-conservation
Lagrange multiplier and projection methods.
Cheng & Shen, CMAME, 2022. Cheng & Shen, SINUM, 2022.
Tong & Cai, SINUM, 2024

• Bound-preservation and energy stability
SAV and maximum-principle methods.
Huang & Shen, SISC, 2021. Cheng, Wang & Zhao, preprint, 2025.
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Main contributions

Fourth-order elliptic problems
High-order finite elements with

bound-preservation and mass-conservation

Time-dependent problems
High-order BDF-FEM schemes with

bound-preservation and mass-conservation

SAV stabilization for improved energy behavior

Preprint:
https://arxiv.org/abs/2605.23486

https://hal.science/hal-05630475v1
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Fourth-order elliptic problems



Fourth-order elliptic problem

Let D ⊂ Rd, d ∈ {1, 2, 3}. Find (u,w) such that{︄
u = ∇ · (M∇w) + f1,

w = −∇ · (κ∇u) + f2,
in D,

with homogeneous Neumann boundary conditions.

Assumptions

0 < M1 ≤ M ≤ M2, 0 < κ1 ≤ κ ≤ κ2,

f1, f2 ∈ L2(D),
1

|D|

∫︂
D
f1 ∈ [a, b],

∫︂
D
f2 = 0.

u(x) ∈ [a, b],

∫︂
D

u =

∫︂
D

f1.
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Variational inequality

Define
K := {v ∈ H1(D) : a ≤ v ≤ b a.e.}.

Find (u,w) ∈ K ×H1(D) such that{︄
(u, v) + (M∇w,∇v) = (f1, v) ∀v ∈ H1(D),

(w, ξ − u) ≤ (κ∇u,∇(ξ − u)) + (f2, ξ − u) ∀ξ ∈ K.

The constraint u ∈ [a, b] is built into K.
The mass-conservation is built by taking v = 1.

See [Han ,2024, Ch. 3]; [Blank, Butz & Garcke, 2011].
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Finite element discretization

Let {Th}h>0 be a shape-regular mesh of D, and

V p
h := span{ϕi}i∈V , V := {1:I}.

V p,+
h :=

{︄
vh =

∑︂
i∈V

Viϕi ∈ V p
h

⃓⃓⃓⃓
⃓ Vi ∈ [a, b], ∀i ∈ V

}︄
.

Find (uh, wh) ∈ V p,+
h × V p

h such that{︄
(uh, vh) + (M∇wh,∇vh) = (f1, vh), ∀vh ∈ V p

h ,

(wh, ξh − uh) ≤ (κ∇uh,∇(ξh − uh)) + (f2, ξh − uh), ∀ξh ∈ V p,+
h .

No acute-angle condition [Barrenechea, John & Knobloch, 2024]
Solver: PDAS (semismooth Newton) [Hintermüller, Ito & Kunisch, 2002]

Related VI methods: [Blank, Butz & Garcke, 2011]; [Barrenechea, Georgoulis & Pryer,
2023]; [Kirby & Shapero, 2024]; [Dong, Ern & Wang, 2025].
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Numerical motivation

Oscillation can be significantly alleviated
[Barrenechea, Georgoulis & Pryer, 2023]

12 –



Fundamental properties

Define the admissible set

Y :=

{︃
vh ∈ V p,+

h :

∫︂
D

vh =

∫︂
D

f1

}︃
.

The component uh is the unique minimizer of

min
vh∈Y

{︃
1

2
∥
√
κ∇vh∥2 + (f2, vh) +

1

2
∥vh − f1∥2H−1

h

}︃
.

Consequences
• existence and uniqueness of uh,
• bound-preservation,
• mass-conservation.

Here ∥g∥2
H−1

h

= (g, (−∆M
h )−1g).
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Optimal H1-error estimate

Assume that D has a sufficiently smooth boundary and

u ∈ C0(D; [a, b]) ∩W p,∞(D) ∩Hp+1(D), w ∈ Hp+1(D).

For h < h0(u),
∥∇(u− uh)∥ ≤ Chp.

Two ingredients:

1. Construct an optimal admissible candidate:

Πhu ∈ Y, ∥∇(Πhu− u)∥ ≤ Chp.

2. Apply standard FEM consistency and stability arguments to the
H1–H−1 representation of the scheme.
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Smooth test on irregular meshes

Consider {︄
u = ∇ ·

(︁
(1 + x)∇w

)︁
+ f1,

w = −∆u,
D = (0, 1)2,

with
u(x, y) = cos(4πx) cos(4πy).

15 –



Discontinuous data and small mobility

Consider {︄
u = ∇ · (M∇w) + f1,

w = −∆u+ f2,
D = (−2, 2).

M(x) =

{︄
2 |x| < 0.5,

ε otherwise,
f1(x) =

{︄
1 0 < x < 1,

0 otherwise,
f2(x) =

{︄
5 −1 < x < 0,

0 otherwise.

16 –



Application on
parabolic problems



Lubrication-type equations

Consider [Bertozzi & Pugh, 1996; Zhornitskaya & Bertozzi, 2000]⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

∂tu = ∇ ·
(︁
M(u)∇w

)︁
, in D × (0, T ],

w = −∆u, in D × (0, T ],

∂nu = ∂nw = 0, on ∂D × (0, T ],

u(·, 0) = u0.

17 –



BDF + variational inequality scheme

For k ∈ {1, . . . , 5}, find

(un+1
h , wn+1

h ) ∈ V p,+
h × V p

h

such that⎧⎪⎨⎪⎩
(︃
αku

n+1
h −Ak(u

n
h)

τ
, vh

)︃
+
(︁
M(un+1

h )∇wn+1
h ,∇vh

)︁
= 0 ∀vh ∈ V p

h

(wn+1
h , ξh − un+1

h ) ≤ (∇un+1
h ,∇(ξh − un+1

h )) ∀ξh ∈ V p,+
h

Here (αk, Ak) denotes BDFk, and

un+1
h :=

∑︂
i∈V

ϕi min{b,max{a,Bk(U
n
i )}} ,

where Bk is the standard extrapolation operator.
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Properties of the scheme

For every time step, a solution (un+1
h , wn+1

h ) exists, and un+1
h is unique.

Moreover,
Un+1
i ∈ [a, b] ∀i ∈ V,

and ∫︂
D

un+1
h =

∫︂
D

un
h.

In fact,

un+1
h = argmin

v∈Y n+1

{︃
αk

2
∥∇v∥2 + 1

2τ
∥αkv −Ak(u

n
h)∥2H−1,n+1

h

}︃
,

where
Y n+1 :=

{︃
v ∈ V p,+

h :

∫︂
D

v =

∫︂
D

un
h

}︃
.

For BDF1,
1

2
∥∇un+1

h ∥2 ≤ 1

2
∥∇un

h∥2.

Energy stability is proved for BDF1 only.

19 –



Properties of the scheme

For every time step, a solution (un+1
h , wn+1

h ) exists, and un+1
h is unique.

Moreover,
Un+1
i ∈ [a, b] ∀i ∈ V,

and ∫︂
D

un+1
h =

∫︂
D

un
h.

In fact,

un+1
h = argmin

v∈Y n+1

{︃
αk

2
∥∇v∥2 + 1

2τ
∥αkv −Ak(u

n
h)∥2H−1,n+1

h

}︃
,

where
Y n+1 :=

{︃
v ∈ V p,+

h :

∫︂
D

v =

∫︂
D

un
h

}︃
.

For BDF1,
1

2
∥∇un+1

h ∥2 ≤ 1

2
∥∇un

h∥2.

Energy stability is proved for BDF1 only.

19 –



Properties of the scheme

For every time step, a solution (un+1
h , wn+1

h ) exists, and un+1
h is unique.

Moreover,
Un+1
i ∈ [a, b] ∀i ∈ V,

and ∫︂
D

un+1
h =

∫︂
D

un
h.

In fact,

un+1
h = argmin

v∈Y n+1

{︃
αk

2
∥∇v∥2 + 1

2τ
∥αkv −Ak(u

n
h)∥2H−1,n+1

h

}︃
,

where
Y n+1 :=

{︃
v ∈ V p,+

h :

∫︂
D

v =

∫︂
D

un
h

}︃
.

For BDF1,
1

2
∥∇un+1

h ∥2 ≤ 1

2
∥∇un

h∥2.

Energy stability is proved for BDF1 only.

19 –



Properties of the scheme

For every time step, a solution (un+1
h , wn+1

h ) exists, and un+1
h is unique.

Moreover,
Un+1
i ∈ [a, b] ∀i ∈ V,

and ∫︂
D

un+1
h =

∫︂
D

un
h.

In fact,

un+1
h = argmin

v∈Y n+1

{︃
αk

2
∥∇v∥2 + 1

2τ
∥αkv −Ak(u

n
h)∥2H−1,n+1

h

}︃
,

where
Y n+1 :=

{︃
v ∈ V p,+

h :

∫︂
D

v =

∫︂
D

un
h

}︃
.

For BDF1,
1

2
∥∇un+1

h ∥2 ≤ 1

2
∥∇un

h∥2.

Energy stability is proved for BDF1 only.
19 –



Singular lubrication test

Consider [Cheng & Shen, 2022; Zhornitskaya & Bertozzi, 2000]{︄
∂tu = ∇ ·

(︁√
u∇w

)︁
,

w = −∆u,
D = (−1, 1),

with u0(x) = 0.8− cos(πx) + 0.25 cos(2πx).
The solution develops a temporal singularity near t⋆ ≈ 7.4× 10−4.

50 nodes, p = k = 1.

Stable through the singularity without mobility regularization.
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Cahn–Hilliard equations

Consider [Cahn & Hilliard, 1958]⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

∂tu = ∇ ·
(︁
M(u)∇w

)︁
, in D × (0, T ],

w = −∆u+ f(u), in D × (0, T ],

∂nu = ∂nw = 0, on ∂D × (0, T ],

u(·, 0) = u0,

21 –



SAV-BDF variational inequality

Introduce [Shen, Xu & Yang, 2019]

r(t) :=
√︁

E1(u(t)).

For k ∈ {1, . . . , 5}, find (un+1
h , rn+1, wn+1

h ) ∈ V p,+
h × R× V p

h such that⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(︃
αku

n+1
h −Ak(u

n
h)

τ
, vh

)︃
+

(︁
M(un+1

h )∇wn+1
h ,∇vh

)︁
= 0 ∀vh ∈ V p

h

(wn+1
h , ξh − un+1

h ) ≤ (∇un+1
h ,∇(ξh − un+1

h ))

+

⎛⎝rn+1f(un+1
h )√︂

E1(u
n+1
h )

, ξh − un+1
h

⎞⎠ ∀ξh ∈ V p,+
h

αkr
n+1 −Ak(r

n) =

⎛⎝ f(un+1
h )

2
√︂

E1(u
n+1
h )

, αku
n+1
h −Ak(u

n
h)

⎞⎠
Here un+1

h is the clipped extrapolation defined for the lubrication scheme.

Explicit nonlinear terms and one scalar auxiliary variable.
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Properties of the scheme

For every time step, the scheme admits a solution, and un+1
h is unique.

The pair (un+1
h , rn+1) is the unique minimizer of

min
(v,s)∈Xn+1

{︃
αk

2
∥∇v∥2 + αks

2 +
1

2τ
∥αkv −Ak(u

n
h)∥2H−1,n+1

h

}︃
.

Therefore,
Un+1
i ∈ [a, b] ∀i ∈ V,

and ∫︂
D

un+1
h =

∫︂
D

un
h.

For BDF1,

1

2
∥∇un+1

h ∥2 + (rn+1)2 ≤ 1

2
∥∇un

h∥2 + (rn)2.

Modified energy stability is proved for BDF1 only.
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Logarithmic-potential test

Consider [Cheng & Shen, 2022]⎧⎨⎩∂tu = ∇ ·
(︁
(1− u2)∇w

)︁
,

w = −0.01∆u+ log(1 + u)− log(1− u)− 5u,
D = (0, 1)2,

with
u0(x, y) = 0.2 + 0.05 rand(−1, 1), T = 1.5× 10−1.

The solution must remain in (−1, 1), M(u) = 1− u2 −→ 0 as u −→ ±1.

C0 = 1, p = 1, k = 2, 50× 50 nodes.
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Second-order parabolic equations

Consider ⎧⎪⎪⎨⎪⎪⎩
∂tu = ∇ ·

(︁
K(u)∇u

)︁
, in D × (0, T ],

∂nu = 0, on ∂D × (0, T ],

u(·, 0) = u0.
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Regularized BDF variational inequality

Introduce the fourth-order regularization⎧⎨⎩∂tu = ∇ ·
(︁
K(u)∇u

)︁
+

√
ε∆w,

w = −
√
ε∆u.

The perturbation error is formally O(ε).

Set
ε = hp+1.

For k ∈ {1, . . . , 5}, find (un+1
h , wn+1

h ) ∈ V p,+
h × V p

h such that⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

(︃
αku

n+1
h −Ak(u

n
h)

τ
, vh

)︃
+

(︁
K(un+1

h )∇un+1
h ,∇vh

)︁
+
√
hp+1(∇wn+1

h ,∇vh) = 0, ∀vh ∈ V p
h ,

(wn+1
h , ξh − un+1

h ) ≤
√
hp+1(∇un+1

h ,∇(ξh − un+1
h )), ∀ξh ∈ V p,+

h .
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Properties of the regularized scheme

Assume that the discrete problem admits a solution.

Then
Un+1
i ∈ [a, b] ∀i ∈ V,

and ∫︂
D

un+1
h =

∫︂
D

un
h.

Well-posedness is not covered by the current analysis.

Numerical experiments indicate stable solvability.
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Smooth nonlinear diffusion test

Consider

∂tu = ∇ ·
(︁
(1 + u)∇u

)︁
+ f1, D = (0, 2π)2,

with u(x, y, t) =
(︁
cos(x) cos(y)− 3

8πx
4 + x3

)︁
cos(t), T = 1.

τ =
h

2
, k = p+ 1, ∂nwh = 0 although ∂nw ̸= 0.

Optimal L2-rates for p = 1, . . . , 4.
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Porous medium equation

Consider [Cheng & Shen, 2022; Vázquez, 2007]

∂tu = m∇ ·
(︁
um−1∇u

)︁
, D = (−5, 5), T = 1.2,

The Barenblatt solution is

u(x, t) =
1

tα0

[︃
max

(︃
0, 1− α

m− 1

2m

x2

t2α0

)︃]︃ 1
m−1

, t0 = t+ 1, α =
1

m+ 1
.

The solution has compact support, moving interface, and u ∈ Hs(D) with
s = 2, 1/2 + 1/(m− 1) for m = 2 and m ≥ 3, respectively.

p = 1, k = 2, τ =
h

10
.
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Main results

Linear fourth-order elliptic problems

high-order FEM + variational inequality

bound-preservation, mass-conservation, ∥∇(u− uh)∥ ≤ Chp.

Nonlinear fourth-order parabolic problems

BDF + variational inequality + SAV stabilization

bound-preservation, mass-conservation, energy stability for k = 1.

Nonlinear second-order parabolic problems

fourth-order regularization + BDF + variational inequality

bound-preservation and mass-conservation.
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Future work

1. Time-dependent problems

well-posedness and error estimates

2. A posteriori error analysis and adaptivity

adaptive spatial and temporal discretizations

3. Nonlinear elliptic problems

analysis and high-order discretizations

Thank you for your attention!
Homepage:

https://wangzuodong1997.github.io/

Submitted manuscript:
https://arxiv.org/abs/2605.23486

https://hal.science/hal-05630475v1
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